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Abstract
This report gives a reinterpretation of the NS-α model which leads to a family of high order NS-α-deconvolution models with
NS-α as the zeroth order case. First, we show that the Navier–Stokes-α model arises by adding helicity correction to Leray-α model.
Higher order Leray models have recently been proposed in [W. Layton, R. Lewandowski, A high accuracy Leray-deconvolution
model of turbulence and its limiting behavior, Anal. Appl. 6 (1) (2008); W. Layton, C. Manica, M. Neda, L. Rebholz, Numerical
analysis and computational testing of a high-accuracy Leray-deconvolution model of turbulence, Numer. Methods Partial Differen-
tial Equations, in press]: the so-called Leray-deconvolution models, that employ van Cittert approximate deconvolution to decrease
consistency error. We use an analogous helicity correction idea to develop a family of higher order accurate NS-α type models, the
NS-α-deconvolution models. We prove several mathematical and physical properties for this new family of models and discuss the
design of efficient algorithms for them.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
The Navier–Stokes-alpha (NS-α) model of fluid turbulence has recently been developed by Foias, Holm, Titi,
Chen, Olson, and Wynne [3] and has experienced an explosion of interest by mathematicians and fluid dynamicists
thereafter. It has been found that this model has many attractive mathematical and physical properties. Admitting
unique solutions, conserving model energy and helicity, and matching the energy spectrum of true fluid flow (up to
a filtering radius dependent length scale) [4,5] are all desirable features of NS-α that most turbulence models do not
possess. The NS-α model is given by
vt + v · ∇v + (∇v)T · v + ∇p = νv + f, ∇ · v = 0, (1)
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v = (−α2 + I)−1v. (2)
The model (1)–(2) has been derived as a closure approximation to the Reynolds equations [3], from the viewpoint
of Kelvin’s circulation theorem (Foias, Holm and Titi [4]), and as a correction that restores frame invariance to the
Leray-α model (4) below (Guermond, Oden and Prudhomme [6]). Motivated by [6] and our study of helicity con-
servation in Large Eddy Simulation (LES) models [7], we show the NS-α model also arises as a helicity-corrected
Leray-α model of turbulence.
Most turbulence models do not accurately account for helicity. In fact, most models do not even conserve helicity
for periodic, inviscid flow [7]. That is, a smooth solution u to most turbulence models under periodic and inviscid
conditions will not satisfy∫
Ω
u(t) · (∇ × u(t))dV =
∫
Ω
u(s) · (∇ × u(s))dV ∀s, t ∈ (0, T ), (3)
except in special cases. For such models, their treatment of the nonlinearity (nonphysically) creates or dissipates he-
licity, instead of cascading it from large scales (where it is input) to small scales (where viscous forces dissipate it), as
is done in true fluid flow [8,9]. Thus these models’ nonlinearities can act to distort helicity and hence also rotational
structures through purely nonphysical means, for both the viscous or inviscid cases. Indeed, accurate helicity treat-
ment, and thus accurate treatment of a flow’s rotational structures, begins with its conservation in periodic, inviscid
flow. The fact that NS-α does conserve helicity in the periodic, inviscid case sets it apart as more physically relevant
than most other turbulence models.
We present herein a new family (N = 0,1,2, . . .) of turbulence models, of arbitrarily high order of accuracy (in
terms of consistency error, defined in Section 2) which includes NS-α as the zeroth order case. This new family
is derived by applying van Cittert deconvolution to the filtering operation, and shows how to combine the good
mathematical and physical properties of NS-α with the high accuracy of approximate deconvolution models. We
show the consistency error for the new models (and the improvement over the NS-α model’s), prove energy and
helicity conservation for the inviscid periodic case, and show stability of the model by proving an upper bound on
solutions.
2. Derivation of NS-α as a helicity-corrected Leray-α model
Consider the Leray-α regularization of the Navier–Stokes equations (NSE) on the periodic box Ω = (0,L)3, given
by
wt + w · ∇w + ∇q = νw + f, ∇ · w = 0. (4)
There are two differences between the NS-α (1) and the Leray-α model (4): the incompressibility condition in
NS-α is imposed on the filtered velocity, whereas in Leray-α it is imposed on the unfiltered velocity. The second
difference is that the NS-α model’s momentum equation has the additional term (∇v)T · v. Note that in the periodic
case, differential operators commute and thus the two incompressibility conditions ∇ · w = 0 and ∇ · w = 0 are
equivalent, and so the extra term (∇v)T · v in NS-α is the only difference. The model (4), although with a filter
different than the α filter (2) used here, was studied by J. Leray in 1934 [10]. Although this model has some nice
theoretical properties [11], as a model for simulations of turbulent flows, it can have problems with accuracy and
physical fidelity. One cause of this is it does not treat rotation accurately in three-dimensional turbulence.
On a periodic domain, the 3d Euler equations conserve both energy (E = 12
∫
Ω
u · u) and helicity
(H = ∫
Ω
u · (∇ × u)) [12]. Thus the nonlinearity in the Navier–Stokes equations (NSE) neither adds nor dissipates
helicity. Indeed, just as 2d turbulent flows have an energy and enstrophy cascade, it has recently been shown that in
3d, the nonlinearity in the NSE is responsible for cascading helicity as well as energy from the large scales, through
the inertial range, to the small scales until viscous forces become dominant [8,9]. Hence for a turbulence model to
even begin to treat this rotational quantity correctly, its nonlinearity alone should neither create nor destroy helicity;
this can be proven by showing the model conserves energy and helicity for periodic, inviscid flow.
We begin by recalling a calculation from [7]. Let (·,·) and ‖ · ‖ denote the usual L2(Ω) inner product and norm.
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the Leray-α model (4) satisfies
d
dt
H(t) = d
dt
(w,∇ × w) = 2((∇w)T · w,∇ × w). (5)
Proof. Set ν = f = 0 in (4), multiply the momentum equation in (4) by (∇ × w) and integrate over Ω . This gives
(wt ,∇ × w) + (w · ∇w,∇ × w) + (∇q,∇ × w) = 0. (6)
We rewrite (6) using the identity
a × (∇ × b) = −a · ∇b − (∇a)T · b + ∇(a · b), (7)
which gives
(wt ,∇ × w) −
(
w × (∇ × w),∇ × w)− ((∇w)T · w,∇ × w)+ (∇(q + w · w),∇ × w)= 0. (8)
Using integration by parts, the fact the curl of two vectors is perpendicular to each of them, and the curl of the gradient
of a scalar function vanishes, (8) reduces to
1
2
d
dt
(w,∇ × w) − ((∇w)T · w,∇ × w)= 0, (9)
completing the proof. 
Remark 2.2. Since in general ((∇w)T · w,∇ × w) = 0, the equality (5) implies that the Leray-α model does not
conserve helicity for periodic, inviscid flow.
The Leray-α model (4) does not address helicity, and thus three-dimensional rotational structures, accurately. It is
evident from (9) that the ((∇w)T · w,∇ × w) term arising from the nonlinearity is responsible for nonconservation
of helicity. Thus, to achieve helicity conservation in the model, (∇w)T · w needs added to the left-hand side of the
momentum equation in (4). The addition yields
wt + w · ∇w + (∇w)T · w + ∇q = νw + f, ∇ · w = 0. (10)
Proposition 2.3. A solution to Eq. (10) resulting from the addition of (∇w)T · w to the left-hand side of (4) satisfies
d
dt
(w,∇ × w) = d
dt
H(t) = 0. (11)
Proof. This follows directly from the proof of Lemma 2.1. 
Remark 2.4. The Leray-α model (4) is thus corrected to conserve helicity by adding the extra term (∇w)T · w to its
momentum equation. The equation resulting from this correction (10) is precisely the momentum equation of NS-α.
Using (7), the NS-α model can be written in rotational form as
vt − v × (∇ × v) + ∇p˜ = νv + f, ∇ · v = 0, (12)
where p˜ is a dynamic pressure analogous to the Bernoulli pressure of the Navier–Stokes equations (NSE) in rotational
form. This form of the NS-α model could also be considered a Leray model for the rotational form of the nonlinearity.
It is interesting because from here it is clear that the NS-α model can be discretized using methods similar to those
used for the rotational form of the NSE. Recent work of Benzi and Liu in [13] has shown that solving the NSE in
this form can lead to better efficiency, and so these advances may be able to be applied to the NS-α model. This form
of the NS-α model also lends itself to the less efficient, but more physically accurate, energy and helicity conserving
scheme of [14].
Remark 2.5. Although the focus of this report is 3d turbulence, in 2d the NS-α model also conserves enstrophy (Ens =
1
2‖∇ × v‖2) for periodic inviscid flow, which follows from the fact that (v × (∇ × v),v) = 0 for two-dimensional,
divergence free v. The Leray-α model conserves a model enstrophy, EnsL := 1 (‖∇ × v‖2 + α2‖v‖2) [7].2
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both NS-α and Leray-α as regularizations of the Navier–Stokes equations, and thus we consider consistency error for
both to be the residual of a Navier–Stokes solution in each respectively model. Then to calculate consistency error
for either model, we proceed in the usual way: substitute a Navier–Stokes solution into the model, move all terms to
the left-hand side, and add τ to the right-hand side. Then an expression for the consistency error τ can be formulated
by reducing the left-hand side; typically reduction occurs by using the fact that a Navier–Stokes solution has been
inserted. We now formalize this definition of consistency error, and use it to derive consistency errors for both the
NS-α and Leray-α models.
Definition 2.6 (Consistency Error). The consistency error of a Navier–Stokes regularization/approximation is the
residual of a Navier–Stokes solution in the model.
Even though the NS-α model has better physical fidelity than the Leray-α model, both of these models have the
same, low order, asymptotic (as α → 0) consistency error.
Lemma 2.7. For a smooth Navier–Stokes solution, the consistency errors in the NS-α and Leray-α models satisfy
‖τNS-α‖ = O
(
α2
)
, ‖τL‖ = O
(
α2
)
. (13)
Proof. To show the stated consistency error in NS-α, we start with its rotational form (12). Substitute the (rotational
form) NSE solution (u,p) (where this p is Bernoulli pressure) for v and p˜ in (12), and add τNS-α to the right-hand
side of (12). This gives
ut − u × (∇ × u) + ∇p − νu − f = τNS-α. (14)
The left-hand side can be reduced by adding and subtracting u × (∇ × u) and using the fact the (u,p) solves the
rotational form NSE. Thus we are left with
τNS-α = u × (∇ × u) − u × (∇ × u) (15)
= (u − u) × (∇ × u) = (u − (−α2 + I)−1u)× (∇ × u) (16)
= (−α2 + I)−1(α2u)× (∇ × u) = α2u × (∇ × u), (17)
and so
‖τNS-α‖C(u)α2. (18)
For Leray-α, insert the (convective form) NSE solution u,p into the momentum equation in (4), and add τL to the
right-hand side of the equation. Following steps analogous to the NS-α case, we get
τL = u · ∇u − u · ∇u = (u − u) · ∇u C(u)α2.  (19)
Lemma 2.7 shows both of these models have only O(α2) accuracy. Thus although NS-α appears to be a more
physically relevant model, its consistency error is of the same order as Leray-α. However, higher order Leray-type
models have recently been studied which use approximate deconvolution to obtain models whose consistency errors
are much higher order than the Leray-α model. In the next section, we show that by correcting for helicity conservation
in these higher order Leray models, models are obtained which retain desirable mathematical and physical properties
of NS-α and gain high order consistency error.
3. High order NS-α models
A new family of Leray-type models has been proposed and studied in [1] and [2], the Leray-deconvolution models.
These models utilize van Cittert approximate deconvolution as a tool to increase the order of the consistency error in
the Leray-α model by approximating solutions to the (ill-posed) problem: given φ = A−1φ (where A = (−α2+ I )),
find useful approximations of φ. That is, approximate deconvolution uses large scale information to approximate
the (lost through filtering) small scales. The breakthrough idea of applying approximate deconvolution to turbulence
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deconvolution large eddy simulation models.
The van Cittert algorithm for generating approximate deconvolution operators is:
• Let φ0 = φ. Then
• for n = 1,2, . . . ,N − 1
φn+1 = φn + (φ − φn).
• Set DNφ := φN .
For example, the first N = 0,1,2 van Cittert approximate deconvolution operators are
D0φ = φ,
D1φ = 2φ − φ,
D2φ = 3φ − 3φ + φ.
Thus this method of approximate deconvolution can be viewed as polynomial extrapolation via the filter. Computa-
tionally, if the filtering operation is inexpensive (which is, relatively, in NS-α and Leray-α compared to the full system
solve), then adding this type of deconvolution can be done with very little additional computational cost [2].
The operators DN can be written more compactly as
DNφ =
N∑
n=0
(
I − A−1)nφ. (20)
In [17] it is shown that DN is self adjoint (as A is), positive, and is an approximate inverse to A−1. That is, it is proven
in [17] by a simple algebraic identity that, for smooth enough φ,
DNφ = φ + (−1)N+1α2N+2N+1A−(N+1)φ, (21)
and thus
DNφ = φ + O
(
α2N+2
)
. (22)
When using the DN operator, it is sometimes convenient to use the following norm:
‖w‖DN := (w,DNw)1/2. (23)
It is shown in [18] that (23) defines a norm which is equivalent (uniformly in α) to the L2 norm since the DN operator
is positive. Furthermore, from [2], ‖w‖ ‖w‖DN  (N + 1)‖w‖.
We can now define the Leray-deconvolution family of models, which are given by
wt + DNw · ∇w + ∇q = νw + f, ∇ · w = 0. (24)
Lemma 3.1. The consistency error in the N th Leray-deconvolution model is
τLD = DNu · ∇u − u · ∇u (25)
and for smooth NSE solution u satisfies
‖τLD‖ = O
(
α2N+2
)
. (26)
Proof. This follows the same as for Leray-α, except using (22). 
Lemma 3.1 shows that in smooth flow regions, Leray-deconvolution models (with N  1) have higher order con-
sistency error that the N = 0 case (the Leray-α model). In addition, recent work in [1,2,7] has also shown that for
N  1, (24) has significantly greater accuracy than the Leray-α model (the N = 0 case). However, like the Leray-α
model, the Leray-deconvolution family cannot be shown to conserve helicity in the case of periodic boundaries and
no external force or viscosity [7]; thus the Leray-deconvolution model can still lack physical accuracy.
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d
dt
(w,∇ × w) = d
dt
H(t) = 2
T∫
0
(
(∇DNw)T · w,∇ × w
)
dt. (27)
Proof. This proof is analogous to that of Lemma 2.1. 
Remark 3.3. Since ((∇DNw)T · w,∇ × w) = 0 in general, helicity is not conserved in the Leray-deconvolution
models.
By the same techniques used for the Leray model in Section 2, the Leray-deconvolution models can be corrected
to conserve helicity. Consider the model resulting from adding (∇DNw)T · w to the left-hand side of (24), and the
incompressibility condition changed for stability (see the stability lemma below)
wt + DNw · ∇w + (∇DNw)T · w + ∇q = νw + f, ∇ · DNw = 0. (28)
We call this new family of models (28) the NS-α-deconvolution models.
Note that, like the NS-α model, the model (28) yields an altered kinetic energy,
Emodel := 12‖w‖
2
DN
+ α
2
2
‖∇w‖2DN , (29)
and thus the natural energy norm ‖ · ‖E for which the model lends itself to analysis is given by
‖v‖E :=
√
(v,DNv) =
√
‖v‖2DN + α2‖∇v‖2DN . (30)
The natural energy dissipation norm is thus given by
‖v‖ =
√
(∇v,∇DNv) =
√
α2‖v‖2DN + ‖∇v‖2DN . (31)
The unusual incompressibility condition of (28) is necessary for the nonlinear stability of the model, which is the
key property needed to prove existence, uniqueness and regularity results. The stability of NS-α-deconvolution is
given in the following lemma.
Lemma 3.4. Suppose (w,q) solves (28) on a periodic box Ω in three dimensions, with initial condition w0 = w(0)
and forcing function f . Then if f ∈ L2(H−1(Ω)× (0, T ]) and if w0 is bounded in the energy norm (which is satisfied
if w0 ∈ H 1(Ω)), the velocity solution w satisfies the upper bound
∥∥w(T )∥∥2
E
+ ν
T∫
0
∥∥∇w(t)∥∥2

dt  ‖w0‖2E + C(N)ν−1‖f ‖2L2(H−1(Ω)×(0,T ]). (32)
Proof. Begin by writing (28) in rotational form, using the identity (7), and grouping the resulting gradient term with
the pressure to form a new, Bernoulli type pressure q˜ . This gives
wt − DNw × (∇ × w) + ∇q˜ = νw + f, (33)
∇ · DNw = 0. (34)
Next multiply (33) by DNw, (34) by q˜ , and integrate both equations over Ω . The nonlinear term vanishes since the
curl of two vectors is orthogonal to each of them. Integrating by parts and adding the two resulting equations yields
1
2
d
dt
(w,DNw) + ν(∇w,∇DNw) = (f,DNw). (35)
Rewriting (35) in terms of the natural energy and energy dissipation norms gives
1‖w‖2E + ν‖w‖2 = (f,DNw). (36)2
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of H 1, using the definition of DN , natural energy norms, and Young’s inequality. We thus obtain
(f,DNw) = (DNf,w) (37)
= (DNf,w)‖∇w‖‖∇w‖ (38)
 ‖DNf ‖H−1‖∇w‖ (39)
 C0(N)‖f ‖H−1‖∇w‖ (40)
 C0(N)‖f ‖H−1‖∇w‖DN (41)
 C0(N)‖f ‖H−1‖w‖ (42)
 C(N) 1
2ν
‖f ‖2
H−1 +
ν
2
‖w‖2 . (43)
Combining this right-hand side bound with (36) gives
d
dt
‖w‖2E + ν‖w‖2  C(N)ν−1‖f ‖2H−1, (44)
and integrating from 0 to T gives
∥∥w(T )∥∥2
E
+ ν
T∫
0
∥∥w(t)∥∥2

dt  ‖w0‖2E + C(N)ν−1‖f ‖2L2(H−1(Ω)×(0,T ]), (45)
which completes the proof. 
In addition to the nonlinear stability lemma given above, the NS-α-deconvolution model also conserves model
energy and helicity for periodic, inviscid flow. This is an excellent physical property for a fluid flow model that the
NS-α-deconvolution family of models inherits from NS-α.
Proposition 3.5. Under periodic boundary conditions and no viscosity or external force, the model (28) conserves
helicity and model energy
Emodel(T ) = Emodel(0), (46)
H(T ) = H(0), (47)
and in 2d , enstrophy
Ens(T ) = Ens(0). (48)
Proof. We begin this proof by rewriting (28) in rotational form, by using (7) and grouping the resulting gradient term
with the pressure to form a new dynamic pressure, yielding
wt −
(
DNw × (∇ × w)
)+ ∇q˜ = νw + f. (49)
Helicity conservation follows exactly as in the N = 0 case proven in Section 2. For model energy conservation,
multiply (49) by DNw, integrate over Ω and set ν = f = 0. This vanishes the pressure term, leaving
0 = (wt ,DNw) = 12 (w,DNw) =
1
2
(Aw,DNw). (50)
Expanding A and integrating by parts gives
0 = d
dt
(
1
2
(w,DNw) + α
2
2
(∇w,∇DNw)
)
= d
dt
(
1
2
‖w‖2DN +
α2
2
‖∇w‖2DN
)
= d
dt
Emodel, (51)
and thus the energy proof is complete. For enstrophy conservation we start with the rotational form of the momentum
equation (49), set ν = f = 0, multiply by w, and integrate over the domain. This gives
1 d ‖∇ × w‖2 − (DNw × (∇ × w),w)+ (∇q˜,v) = 0. (52)2 dt
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commutation of differential operators under periodic boundary condtitions, and the fact that the solution is divergence
free. Thus we have that(
DNw × (∇ × w),w
)= −(∇ × (DNw × (∇ × w)),∇ × w)
= −(DNw · ∇(∇ × w) − (∇ × w) · ∇DNw,∇ × w)
= ((∇ × w) · ∇DNw,∇ × w), (53)
which is zero in two dimensions. This completes the proof. 
This new family of models (28) thus has conservation laws analogous to those of the NSE, in both two and three
dimensions. Furthermore, we show next that it has arbitrarily high order consistency error.
Proposition 3.6. The consistency error in (28), the N th NS-α-deconvolution model, satisfies
τNSαD = u × (∇ × u) − DNu × (∇ × u), (54)
and for smooth u,
‖τNSαD‖ = O
(
α2N+2
)
. (55)
Proof. After starting with the rotational form of the model (49), this result follows similarly to the consistency error
in Leray-deconvolution. 
Thus this new model (28) retains the high accuracy of Leray-deconvolution model (24), but treats important phys-
ical quantities more accurately.
4. Conclusions
This article has re-derived the NS-α model of fluid turbulence by correcting for helicity conservation in the Leray-α
model. This idea was then extended to the higher order accurate family of Leray-deconvolution models, which yielded
the new family of models
vt − DNv × (∇ × v) + ∇q = νv = f, (56)
∇ · DNv = 0, (57)
which we call the NS-α-deconvolution models. These new models combine the desirable mathematical and physical
properties of NS-α with the higher order consistency error achieved through van Cittert approximate deconvolution.
Applying approximate deconvolution to existing codes for NS-α will, in most cases, be easy and relatively inex-
pensive: For each order of approximate deconvolution N to be used, one additional filtering must be done. Since the
discretized alpha filter yields a well-conditioned linear system, using N = 1 or N = 2 typically will not significantly
increase runtimes versus the N = 0 case since the full system solve will most likely dominate computation time. In
numerical experiments for the Leray-deconvolution models in [2], it was found that using low order N = 1 and N = 2
deconvolution was able to significantly increase accuracy. Hence we believe the NS-α-deconvolution model shows
great promise as a turbulence model, and certainly deserves future mathematical and computational study.
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